In this paper, by using Jensen's inequality and Hadamard's integral inequality for a convex function, some generalizations and improvements of discrete Hardy's inequality and Carleman's inequality are obtained.
Introduction
The classical Hardy inequality [1] states that for p > 1 and a n ≥ 0 (n ∈ N) with  ∞ n=1 a n < ∞. When p → ∞, the above inequality degenerates to Carleman's inequality
a n .
(1.2)
In view of the usefulness of inequalities (1.1) and (1.2) in analysis and its applications, they have received considerable attention. In [2] , inequality (1.1) was extended to the Weighted form
where {u n }, {v n } are weighted sequences and 0 < q < ∞, 1 < p < ∞. However, the best constants for such inequalities have not been established in general. Chen et al. [3] investigated the following general Hardy type inequality
where 1 < p < ∞, and obtained an upper bound and a lower bound for ∥A∥ p,p . For more improvements and generalizations of (1.1) and (1.2), we can refer to [4] [5] [6] [7] [8] and the references therein. In this paper, by using Jensen's inequality and Hadamard's integral inequality for a convex function, we first give some new generalizations of (1.1) and (1.2). Second, we obtain the improvement of (1.1) when p > 4 3 . Finally, we discuss the best possibility of the constants for the obtained inequality.
Some preliminary lemmas
In this section, we state the following lemmas, which are useful in the proofs of our results.
i.e.,
, we can finish the proof of Lemma 2.3 by simplification.
Lemma 2.4. Let a n ≥ 0, b n ≥ 0 (n ∈ N), m ∈ N, and p > 1. Then, for arbitrary parameter t, we have
where
This lemma may be viewed as a version of Schur's test and a special case of [9, Theorem 2.1]. Here we give a simple and direct proof.
then we can get from Lemma 2.1 that
 t in (2.8), we can obtain (2.5). This completes the proof of Lemma 2.4.
Here, we call w(k) in (2.6), the weight coefficient. In the following, by choosing appropriate parameter t and estimating the weight coefficient, several generalizations of discrete Hardy's inequality are derived. Furthermore, some improvements and generalizations of Carleman's inequality are obtained by letting p → ∞.
Main results
Now we give our main results.
Theorem 3.1. Let α be a constant and a n ≥ 0 (n ∈ N) with 
 α a n < ∞. Then, for p > 1 and −1 < α < p − 1,
we have
 α a n . 
Since f (x) = x t is a convex function on (0, +∞), it follows from Lemma 2.2 that
It follows from (2.6) and (3.3) that
It follows from (3.4) and (3.6) that
By simple computation, we can get that the function
The proof of (3.1) follows by taking m → ∞.
Letting p → +∞ in Theorem 3.1, we can obtain the following generalization of Carleman's inequality.
Corollary 3.1. Let α > −1 and a n ≥ 0 (n ∈ N) with 
 α a n < ∞. Then we have
